In this paper, we consider a two-qubit system undergoing continuous-time measurements. In presence of multiple channels, we provide sufficient conditions on the continuous feedback control law ensuring almost sure exponential convergence to a predetermined Bell state. This is obtained by applying stochastic tools, Lyapunov methods and geometric control tools. With one channel, we establish asymptotic convergence towards a predetermined Bell state. In both cases, we provide explicit expressions of feedback control laws satisfying the above-mentioned conditions. Finally, we demonstrate the effectiveness of our methodology through numerical simulations.
I. INTRODUCTION
In the rapidly developing field of quantum information science [1] , the generation of quantum entangled states [2] has become essential in a variety of applications such as quantum teleportation, quantum cryptography and quantum computation. The simplest entangled states are the Bell states, which are pure states corresponding to maximal quantum entanglement of two spin- 1 2 systems (i.e. a twoqubit system).
Two-qubit systems undergoing continuous-time measurements represent a particular example of open quantum systems whose evolution is described by stochastic master equations. The problem of controlling open quantum systems by feedback has received attention in the control community mainly starting from the years 2000s [3] , [4] , [5] , [6] , [7] , [8] , [9] . As a branch of the stochastic control theory, this field has been first developed by Belavkin [10] .
Concerning stabilization of two-qubit systems, some interesting results have been derived in [5] and [8] . In [5] , the authors design a switching quantum feedback controller that asymptotically stabilizes the system towards two specific Bell states. Then, in [8] , the methods in [3] are adopted in order to construct a continuous feedback controller stabilizing the target Bell state starting from almost any initial pure state when the measurement is perfect.
In this paper we generalize the methods in [11] , [12] in order to apply them to the feedback stabilization problem for two-qubit systems with multiple quantum channels. In this case, unlike the above-mentioned papers, the associated measurement operators may be degenerate rendering the stabilization problem more complicated. Here, we derive some general conditions on the feedback laws and the control Hamiltonians enforcing the exponential convergence towards the target Bell state. In addition, when only one quantum channel is available, we design a continuous feedback law which asymptotically stabilizes the system to an arbitrary Bell state. This control law is adapted from the switching feedback law proposed in [5] , although our stability analysis is radically different. This paper is organized as follows. In Section II, we introduce the stochastic model describing two-qubit systems with multiple quantum channels in presence of imperfect measurements. In Section III, we introduce the notions of stochastic stability needed throughout the paper. In Section IV, we show the exponential convergence of the system with two quantum channels and with zero control input towards the set of Bell states. We consider a class of appropriate control Hamiltonians and further propose necessary conditions on the continuous feedback law ensuring the exponential stabilization. In Section V, explicit feedback laws are exhibited which asymptotically stabilize the system with only one quantum channel to the target state. Simulation results are provided in Section VI.
Notations: The imaginary unit is denoted by i. We take 1 as the identity matrix. We denote the conjugate transpose of a matrix A by A * . A i,j represents the element of the matrix A at i-th row and j-th column. The function Tr(A) corresponds to the trace of a square matrix A. The commutator of two square matrices A and B is denoted by [A, B] := AB −BA. A ⊗ B represents the Kronecker product of two matrices or vectors A and B. For x ∈ C, Re{x} is the real part of x.
II. SYSTEM DESCRIPTION
The dynamics of a two-qubit system undergoing continuous-time measurements with n channels can be described by a matrix-valued stochastic differential equation of the following Itô form [3] , [13] , [14] , [15] :
where the quantum state is described by the density operator ρ t , which belongs to the compact space S := {ρ ∈ C 4×4 | ρ = ρ * , Tr(ρ) = 1, ρ ≥ 0}. Here W t = (W k (t)) 1≤k≤n is a n-dimensional standard Wiener process with the natural filtration F t , and W k are independent, i.e., for i, j = 1, . . . , n, one has W i (t), W j (t) = δ i,j t. The filtered probability space associated with the above evolution is (Ω, F, (F t ), P). The measurement efficiency for the k-th channel is given by η k ∈ (0, 1]. The functions F 0 , F k and G k are given by the following expressions
The function u appearing in F 0 denotes the feedback law taking values in R m , while H 0 = H * 0 ∈ C 4×4 is the free Hamiltonian, H j = H * j ∈ C 4×4 are the control Hamiltonians and L k = L * k ∈ C 4×4 are the measurement operators. If the feedback u is in C 1 (S, R m ), the existence and uniqueness of the solution of (1) as well as the strong Markov property of the solution are ensured by the results established in [5] .
In the following sections, we consider the feedback stabilization of the above system towards one of the four Bell states
These states are assumed to be common eigenstates of the measurement operators L k .
III. PRELIMINARY STOCHASTIC TOOLS
In this section, we introduce some basic definitions which are fundamental for the rest of the paper. a) Stochastic stability: We introduce some notions of stochastic stability needed throughout the paper by adapting classical notions (see e.g. [16] , [17] ) to our setting. In order to provide them, we first present the definition of Bures distance [2] .
Definition 3.1: The Bures distance between two quantum states ρ a and ρ b in S is defined as
Also, the Bures distance between a quantum state ρ a and a set E ⊆ S is defined as
Given E ⊆ S and r > 0, we define the neighborhood
Definition 3.2: LetĒ be an a.s. invariant set of system (1), thenĒ is said to be 1. locally stable in probability, if for every ε ∈ (0, 1) and for every r > 0, there exists δ = δ(ε, r) such that, 3. exponentially stable in mean, if for some positive constants α and β,
The lowest value −β for which the above inequality is satisfied is called the average Lyapunov exponent. 4. almost surely exponentially stable, if lim sup
whenever ρ 0 ∈ S. The left-hand side of the above inequality is called the sample Lyapunov exponent of the solution. Note that any equilibriumρ of (1), that is any quantum state satisfying n k=0 F k (ρ) = 0 and G k (ρ) = 0 for k ∈ {1, . . . , n}, is a special case of invariant set. b) Infinitesimal generator and Itô's formula: Given a stochastic differential equation
is the Hessian of the function V (·, t). Itô's formula describes the variation of the function V along solutions of the stochastic differential equation and is given
With these basic tools, we are ready to analyze the stabilization problem of Equation (1) . From now on, the operator L is associated with the equation (1) and we choose appropriate measurement operators so that Bell states are equilibria of (1). In particular, we setĒ := {Ψ ± , Φ ± }.
IV. SYSTEM WITH TWO QUANTUM CHANNELS
In this section, we study the dynamics of the system (1) with two quantum channels, i.e., with two measurement operators L 1 and L 2 and, consequently, two diffusion terms. Consider the Pauli matrices
Here M 1 , M 2 > 0 are the strengths of the interaction between the light and the atoms. We also take H 0 = ωL z with ω ≥ 0 and use only one control Hamiltonian H 1 . Note that the four Bell states coincide with the common eigenstates of the chosen operators L 1 and L 2 .
A. Quantum State Reduction
Before attacking the exponential stabilization problem of the system (1), we analyze the asymptotic behavior of the system (1) with u(ρ) ≡ 0. This highlights the importance of the diffusion terms to design the feedback laws as already observed in [11] , [12] , [18] .
We define Λ 1 (ρ) := ρ 1,1 + ρ 4,4 , Λ 2 (ρ) := ρ 2,2 + ρ 3,3 , S Ψ± := {ρ ∈ S| Λ 2 (ρ) = 0}, S Φ± := {ρ ∈ S| Λ 1 (ρ) = 0}. Then we state the following two lemmas, inspired by analogous result in [16] , [17] , identifying invariant subsets of the system. The first one may be derived following the same arguments used in [ 
Proof: As u ≡ 0, then Ψ ± and Φ ± are four equilibria of Equation (1). Moreover, we have the following relations
The dynamics of Γ(ρ) is given by
Given ε > 0, consider any C 2 functions on S such that
> ε for some positive constants R + and R − . To conclude the proof, one just applies the same arguments as in [12, Lemma 4.1].
For the system (1), the asymptotic convergence towards E = {Ψ ± , Φ ± } has been proved in [19] . We now show the exponential convergence towardsĒ in mean and almost surely.
Theorem 4.3 (Quantum state reduction): For system (1), with u ≡ 0 and ρ 0 ∈ S, the setĒ is exponentially stable in mean and a.s. with average and sample Lyapunov exponent less or equal than − min{η 1 M 1 , η 2 M 2 }. Moreover, the probability of convergence toρ ∈Ē is Tr(ρ 0ρ ).
Proof: Consider the function
can be considered as the "variance" functions of L z and L x respectively. Moreover, V (ρ) = 0 if and only if ρ ∈Ē. Due to Lemmas 4.1 and 4.2, the complementary set ofĒ is invariant. Since V is twice continuously differentiable in this set, we can apply Itô's formula. We have L V (ρ) ≤ −CV (ρ) withC := min{η 1 M 1 , η 2 M 2 }. For all ρ 0 ∈ S, we have
In virtue of Grönwall inequality, we have E(V (ρ t )) ≤ V (ρ 0 )e −Ct . By a straightforward calculation, we can show that the candidate Lyapunov function is bounded from below and above by the Bures distance fromĒ,
where
which means that the setĒ is exponentially stable in mean with average Lyapunov exponent less or equal than −C. Now we consider the stochastic process Q(ρ t , t) = eC t V (ρ t ) ≥ 0 whose infinitesimal generator is given by L Q(ρ, t) = eC t (C V (ρ) + L V (ρ)) ≤ 0. Hence, the process Q(ρ t , t) is a positive supermartingale. Due to Doob's martingale convergence theorem [20] , the process Q(ρ t , t) converges almost surely to a finite limit as t tends to infinity. Consequently, Q(ρ t , t) is almost surely bounded, that is sup t≥0 Q(ρ t , t) = A, for some a.s. finite random variable A. This implies sup t≥0 V (ρ t ) = Ae −Ct a.s. Letting t goes to infinity, we obtain lim sup t→∞
which means that the setĒ is a.s. exponentially stable with sample Lyapunov exponent less or equal than −C.
Finally, the fact that the probability of convergence toρ ∈ E is Tr(ρ 0ρ ) may be proved by standard arguments (see e.g [12, Theorem 5.1]). The proof is complete.
B. Exponential stabilization by continuous feedback
In this section, we study the exponential stabilization of system (1) towards a target stateρ ∈Ē. We first establish a general result ensuring the exponential convergence towards ρ under some assumptions on the feedback law and an additional local Lyapunov type condition. Next, we design a parametrized family of feedback control laws satisfying such conditions for some choice of the control Hamiltonian.
We will need the following preliminary result. We skip the proof, which follows from the same arguments used in [12, Lemma 4.2] .
Lemma 4.4: Assume that u ∈ C 1 (S, R) and u(ρ) = 0. If the initial state satisfies ρ 0 =ρ, then P(ρ t =ρ, ∀ t ≥ 0) = 1.
Generally speaking, based on the support theorem [21] , trajectories of Equation (1) may be interpreted as limits of solutions of the following deterministic equatioṅ
with v 1 (t), v 2 (t) ∈ V, where V is the set of all piecewise constant functions from R + to R, and
, with F 0 , G 1 and G 2 defined as in (1) . In particular, the set S is positively invariant for Equation (5) .
Denote Xρ(ρ) := Tr(ρρ). Then for all r > 0 and any given initial state ρ 0 ∈ S, P(τ r < ∞) = 1, where τ r := inf{t ≥ 0| ρ t ∈ B r (ρ)} and ρ t corresponds to the solution of System (1) in this case.
Proof: The lemma holds trivially for ρ 0 ∈ B r (ρ), as in this case τ r = 0. Let us thus suppose that ρ 0 ∈ S \ B r (ρ). We show that there exists T ∈ (0, ∞) and ζ ∈ (0, 1) such that P ρ0 (τ r < T ) > ζ. For this purpose, we make use of the support theorem. Consider the following differential equation derived from (5),
where v 1 (t) and v 2 (t) belonging to V are the control inputs,
which is equivalent to ρ v (s)ξ = 0, take this assumption into account in Equation (5), for s ∈ [0, ], we haveρ v (s)ξ = −iuρ v (s)H 1 ξ = 0, which implies ρ v (s)H 1 ξ = 0 since u = 0. After a straightforward calculation, for s ∈ [0, ], we have
Thus, for s ∈ [0, ], under the assumption of the lemma, ρ v (s) ∈ C 4×4 has four linearly independent eigenvectors corresponding to the eigenvalue zero, which leads to a contradiction. Hence, we can conclude that, under the assumption of the lemma on the feedback law and H 1 , if Xρ ρ v (0) = 0, then there exists an arbitrarily small t 0 > 0 such that Xρ ρ v (t 0 ) > 0.
Set P 1 := {ρ ∈ S| P 1 (ρ) = 0} and P 2 := {ρ ∈ S| P 2 (ρ) = 0}. We note that P 1 ∩ P 2 =ρ. For t > t 0 , we take the feedbacks v 1 = KP 1 (ρ)Xρ(ρ) and v 2 = KP 2 (ρ)Xρ(ρ) with K > 0. The proposed control input v guarantees that ρ v (t) ∈ B r (ρ) for some t ≤ T with t 0 < T < ∞, if K is sufficiently large. Now, considering the stochastic solution of (1), we deduce that P ρ t ∈ B r (ρ) > 0 for t ≤ T from the support theorem [21] .
By compactness of S \ B r (ρ) and the Feller continuity of ρ t , we have sup ρ0∈S\Br(ρ) P ρ0 (τ r ≥ T ) ≤ 1 − ζ < 1, for some ζ > 0. By Dynkin inequality [22] ,
Then by Markov inequality, for all ρ 0 ∈ S \ B r (ρ), we have
The proof is complete. By combining the previous lemmas and following arguments similar to [12, Theorem 6.2], we get the following general result concerning the exponential stabilization towards Bell states.
Theorem 4.6: Assume that ρ 0 ∈ S and the feedback control law satisfies the assumptions of Lemma 4.4 and Lemma 4.5. Additionally, suppose that there exists a positivedefinite function V (ρ) such that V (ρ) = 0 if and only if ρ =ρ, and V is continuous on S and twice continuously differentiable on the set S \ρ. Moreover, suppose that there exist positive constants C, C 1 and C 2 such that
Then,ρ is a.s. exponentially stable for the system (1) with sample Lyapunov exponent less or equal than −C − K 2 , where K := lim inf ρ→ρ g 2
V (ρ) for j = 1, 2. Next, we derive a general condition on the feedback law and the control Hamiltonian which allows us to apply the previous theorem. 
Thenρ is almost surely exponentially stable with sample Lyapunov exponent less or equal than −C whereC = min{η 1 M 1 , η 2 M 2 }. Proof: To prove the theorem, we show that we can apply Theorem 4.6 with the Lyapunov function V (ρ) = 1 − Xρ(ρ) withρ ∈Ē. Note that d B (ρ,ρ) ≤ V (ρ) ≤ √ 2d B (ρ,ρ), we are then left to show the condition (ii). The infinitesimal generator of the Lyapunov function satisfies,
. Since ρ ≥ 0, by estimating the right hand side of the above inequality, we obtain the following for all ρ ∈ S \ρ,
Since g 2 1 (ρ)+g 2 2 (ρ) ≥CX 2 ρ (ρ) and by using the relation (6), we can apply Theorem 4.6 with C =C/2 and K =C. The proof is hence complete.
The application of the previous results is given below. Proposition 4.8: Consider system (1) with ρ 0 ∈ S. Let ρ ∈Ē be the target state. Define the control Hamiltonian as H 1 = σ z ⊗ σ y + σ z ⊗ σ x + 1 ⊗ σ z and the feedback law as
where γ > 0, β > 1 and α > 0 sufficiently large. Thenρ is almost surely exponentially stable with sample Lyapunov exponent less or equal than −C whereC = min{η 1 M 1 , η 2 M 2 }.
Proof: By simple computations one can show that the feedback law and the control Hamiltonian satisfy the relation (6) and the assumptions of Lemma 4.4 and Lemma 4.5. The result then follows from Theorem 4.7.
V. SYSTEM WITH ONE QUANTUM CHANNEL
We suppose that only one measurement operator is present, that is we assume L 1 = √ M 1 L z and L 2 = 0. The following result is analogous to Lemma 4.5.
Lemma 5.1: Letρ = ξξ * with ξ ∈ {Ψ ± , Φ ± } and suppose η 1 ∈ (0, 1). Assume that the feedback controllers and control Hamiltonians satisfy the following conditions: C.1. u ∈ C 1 (S, R m ), u 1 = 0 and u k ≡ 0 for k > 1 on the set {ρ ∈ S| Xρ(ρ) = 0}; C.2. ξ, H 1 ξ and L z H 1 ξ are linearly independent and H 1 does not admit an eigenvector orthogonal to the space spanned by them;
Then for all r > 0 and any given initial state ρ 0 ∈ S, P(τ r < ∞) = 1, where τ r := inf{t ≥ 0| ρ t ∈ B r (ρ)} and ρ t corresponds to the solution of System (1) in this case.
Proof: The lemma holds trivially for ρ 0 ∈ B r (ρ), as in this case τ r = 0. Let us thus suppose that ρ 0 ∈ S \ B r (ρ). We show that there exists T ∈ (0, ∞) and ζ ∈ (0, 1) such that P ρ0 (τ r < T ) > ζ. For this purpose, we make use of the support theorem. Consider the following differential equation derived from (1),
where v 1 (t) ∈ V is the control input, and Θ 1 (ρ) := 4η 1 M 1 Tr(L z ρ)P 1 (ρ)Xρ(ρ),
Firstly, we show by contradiction that, if Xρ ρ v (0) = 0 then Xρ ρ v (t) > 0 immediately. Suppose Xρ ρ v (s) = 0 for s ∈ [0, ] with > 0, which is equivalent to ρ v (s)ξ = 0, take this assumption into account in Equation (5), then combining with the condition C.1, we haveρ v (s)ξ = −iu 1 ρ v (s)H 1 ξ = 0, which implies ρ v (s)H 1 ξ = 0 since u 1 = 0. After a straightforward calculation, for s ∈ [0, ], we have Xρ ρ v (0) = 0, there exits an arbitrarily small t 0 > 0 such that Xρ ρ v (t 0 ) > 0.
Next, we show that, if P 1 ρ v (0) = 0 then |P 1 ρ v (t) | > 0 immediately. One easily checks that P 1 (ρ) = 0 implies ρ ∈ S ξ , so thatF 1 (ρ) = G 1 (ρ) = 0. In particular, if P 1 (ρ v (0)) = 0 then the right-hand side of Equation (5) 
Then the proof can be completed by following the arguments in the last part of the proof of Lemma 4.5.
By employing the first two steps of the proof of [12, Theorem 6.2], we can obtain the general result concerning the asymptotic stabilization of System (1) with only one quantum channel towards the target Bell state.
Theorem 5.2: Assume that the feedback law u satisfies the assumptions of Lemma 5.1 and u(ρ) = 0. Additionally, suppose that there exists a twice continuously differentiable positive function V (ρ) such that V (ρ) = 0 if and only if ρ =ρ. Moreover, suppose that there exist positive constants C, C 1 and C 2 such that
Then,ρ is a.s. asymptotically stable for the system (1).
Remark 5.3: Theorem 5.2 ensures the global asymptotic stabilization of the system only providing local Lyapunov type condition. The further assumptions on u k and H k are used to avoid the presence of invariant subsets outside of a neighborhood ofρ. These conditions are not optimal and may be easily weakened. We believe that by applying [12, Proposition 4 .5], we can relax these conditions for the case η < 1. We note that we do not need to find a global Lyapunov condition or apply the LaSalle theorem as in [5] , [8] . Next, we define the following continuously differentiable function on [0, 1],
As an example of application of the previous result, we propose the following continuous feedback law and control Hamiltonians inspired by [5, Theorem 5.1].
Proposition 5.4: Consider the system (1) with ρ 0 ∈ S and m = 2. Letρ ∈Ē be the target state. Define H 1 = σ z ⊗ σ y + σ z ⊗ σ x + 1 ⊗ σ z and the feedback laws in the following form
where |γ| is sufficiently large. If
Thenρ is a.s. asymptotically stable.
Proof: We apply Theorem 5.2 with the Lyapunov function V (ρ) = 1 − Xρ(ρ). We can easily verify that the feedback law and control Hamiltonians satisfy the assumptions of Lemma 5.1, d 2 B (ρ,ρ) ≤ V (ρ) ≤ 2d 2 B (ρ,ρ) in S and L V (ρ) ≤ 0 in a neighborhood ofρ. Hence, the proof is complete.
VI. SIMULATIONS
In this section, we simulate the dynamics of two-qubit systems in order to illustrate our results. The simulations in the case with two quantum channels are shown in Fig. 1,  Fig. 2. Fig. 1 shows the case u ≡ 0; consistent with Theorem 4.3, simulations show that the expectation of the Lyapunov function E(V (ρ t )) is bounded by the exponential function V (ρ 0 )e −Ct , and the expectation of the Bures distance E(d B (ρ t ,Ē)) is bounded by 4 √ 3d B (ρ 0 ,Ē)e −Ct . Then we set Ψ + as the target state and Φ − as the initial state; the behavior of the system with the continuous feedback (7) is shown in Fig. 2 .
Simulations in the case with only one quantum channel, under the assumptions of Proposition 5.4 and with Ψ + as target state, are shown in Fig. 3 . 
VII. CONCLUSION AND FUTURE WORKS
In this paper, we have studied the asymptotic behavior of trajectories of two-qubit systems. In particular, for the case of two quantum channels, we have provided a general result concerning the feedback exponential stabilization towards the Bell states by applying local stochastic Lyapunov techniques and analyzing the asymptotic behavior of quantum trajectories. Furthermore, we constructed a parameterized continuous feedback law satisfying the conditions of our general results. Next, for the system with one quantum channel, by a similar analysis, we proposed a continuous feedback law stabilizing the system asymptotically.
Further research lines will address the possibility of extending our results to multi-qubit entanglement generation, or in presence of delays.
